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Abstract  
The problem of reducing t h e  angular v e l o c i t i e s  of a space veh ic le  
t o  zero i s  considered. 
of the angular momenta. 
The required con t ro l  torques are  found as func t i ons  
B o t h  I inear and nonl inear t ime- invar ian t  feed- 
back cont ro l  systems are  determined. The method o f  s o l u t i o n  i s  based on 
the" inverse problem of opt imal cont ro l  . I 1  
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1 - In t roduc t ion  
The purpose of t h i s  paper i s  t o  der ive  l i n e a r  and non l inear  opt imal 
feedback systems which w i l l  d r i v e  any i n i t i a l  angular v e l o c i t i e s  o f  a 
space veh ic le  t o  zero by the  su i  tab le appl i c a t i o n  of con t ro l  torques. 
To e l im ina te  t lme-varying feedback cont ro l  laws, t h e  con t ro l  problem i s  
considered on the  semi-inf i n i t e  control  t ime- in te rva l  [O,’=>. 
I 
The method used for  the  so lu t ion  i s  based upon the  s o l u t i o n  of an 
inverse opt imal con t ro l  problem so as t o  ob ta in  a c lass  of  c o s t  c r i t e r i a  
and corresponding opt imal c o n t r o l s - f o r  t he  space body. Since t h e  general 
inverse problem of opt imal con t ro l  2’3i,4 i s  n o t  completely resolved, t h i s  
study i s  spec ia l i zed  i n  o rder  t o  have a r igorous  and cons is ten t  treatment. 
Sect ion 2 contains the  d i f f e r e n t i a l  equations s a t i s f i e d  by the  components 
of the angular momentum vector.  
t h e  Hamilton-Jacob! equat ion a r e  used t o  prove t h a t  a l i n e a r  t ime- invar ian t  
feedback system i s  opt imal w i t h  respect t o  a quadrat ic  cos t  funct ional  
i n  t h e  angular momenta and con t ro l  torques. 
r e s u l t s  which ind i ca te  t h e  re la t i onsh ip  between a wide c lass  of nool inear  
feedback con t ro l  systems and t h e  cost f unc t i ona ls  t h a t  a re  minimized; 
t h e  essent ia l  p roper ty  of these contro ls  and of the  associated c o s t  
f unc t i ona ls  i s  t h a t  they lead t o  a minimum cos t  which i s  a quadra t ic  func t ion  
of t h e  s tate.  
I n  sec t i on  3, t h e  maximum p r i n c i p l e  and 
Sect ion 4 conta ins the  main 
2. D e f i n i t i o n  o f  t he  Problem 
ConsIder a body i n  space. L e t  1,2,3 denote the  body-fixed p r i n c i p a l  
I3 denote the  moments o f  i n e r t i a  12, axes through i t s  cen ter  of mass. Let I 
about the  p r i n c i p a l  axes. 
ul,u2,u3 denote t h e  con t ro l  torques (generated, say, by gas j e t s  o r  reac t i on  
wheels) about the  p r i n c i p a l  axes. Using these var iab les,  it i s  known (see, 
fo r  example Athans and Falb 
the  angular v e l o c i t i e s  a re  
Let w1,w2,w3 be the  angular v e l o c i t i e s  and l e t  
I 
pp. 838-8411 t h a t  t he  d i f f e r e n t i a l  equat ions of 
." 
It i s  convenient t o  use the  components o f  the  angular momentum vector,  
x( t1,  as the  s t a t e  var iab les.  So def ine  - 
Using these var iab les,  ( 1 )  reduces t o  
where 
I - I  4 1 2  I -I 
# "3 - 
a 3  I I -I 
a 2 - q  
0 2 3  
a l  ' 2 ' 3  
Note t h a t  a, t a , + o r 3 = 0  (5) 
3 The f a c t  t h a t  it i s  desi red t o  generate the  con t ro l  torques ul,u2, and u 
as a funct ion of  the  s t a t e  var iab les xI,x2,x3 i s  denoted by - 1.1 = - -  u ( x ) where 
d u = (u ,u ,u 1 ' .  
1 2 3  - 
3. Linear Feedback Laws 
Since the control time-interval is assumed to be infinite and since 
it i s  desired to reduce the state (angular momentum) to zero, it follows 
that the closed loop system must be asymptotically stable in the large. 
Thus, the search for optimal feedback control laws must be confined 
to the class of control laws that.yield a stable system. 
lemma shows that this class is non-empty. 
Lemma I .  The set of feedback controls driving the system ( 5 )  to the 
origin - 0, in infinite time, i s  non-empty. 
Proof : Consider the linear control law 
The following 
r r l ( t )  = - x p ,  u2(t) = -x2(t), u p  = - x p  (6 1 
and the L yapunov function V(x) - 
Use of (41, (51, and (6) yields 
( 8 )  2 2 2  - I I  2 2  3 3  I 2 3 I 2 3 I I 2 2 3 3'-xI-x2-x3 dV(x)/dt = x 2 +x 2 +x i< = (a +a +a )x x x +U x +u x +u x 
so that i ( x )  - is negative definite. 
one stable control law and, hence, the lemma. 
This establishes that there is at least 
Next it will be demonstrated that there is a linear control law that 
minimizes a quadratic performance criterion. It should be noted that linear 
control laws do minimize quadratic performance criteria provided that the 
state differential equations are also linear. In this case, the state 
equations (5) are nonlinear. Few nonlinear systems admit linear optimal 
control laws; this is one of tnen. 
Control Law I Consider the nonlinear system (5) and the quadratic cost 
functional (with q > 0) 
I .  
Then the  l i n e a r  feedback cont ro l  law 
i s  opt imal.  W 
s tab le  i n  the  
t h  t h i s  cont ro l ,  t he  c losed 
arge and the  opt imal c o s t  J* i s  g iven by 
oop system i s  asympto t ica l l y  
I 
( 1 1 )  I 2 J; = 7 I IxCO) I I 
where I I x (0 ) I  - I i s  the  i n i t i a l  magnitude o f  the angular momentum vector.  
Elements o f  Proof : The proof  proceeds as fo l lows : One forms the  Hamiltonian 
of t he  system w i t h  i t s  associated canonical equation f o r  the  cos ta te  which 
i s  denoted by - n ' ( t )  =.pl(t)RZ(t), b't)]. 
y i e l d s  the  r e l a t i o n  
The min imizat ion of t he  Hamiltonian 
- u ( t )  = -qp( t )  - (12)  
Using t h i s  r e l a t i o n  and the  r e s u l t i n g  equations for  t h e  s t a t e  and the  
cos ta te  one concludes the  very important r e l a t i o n  t h a t  
x ( t )  = pJt) (13) 
I n  consequence the  necessary condi t ions of o p t i m a l i t y  are s a t i s f i e d  i f  
In  o rde r  t o  prove s u f f  
( 1 4 )  and shows t h a t  t h  
ciency, one simply computes the  cos t  o f  us ing the  cont ro l  
s cos t  s a t i s f i e s  t h e  Hamilton-Jacobi d i f f e r e n t i a l  equation. 
I .  I .  
41 Nonl inear Feedback Control  Laws 
It was demonstrated i n  t h e  previous sec t ion  t h a t  a l i n e a r  feedback 
con t ro l  law i s  opt imal f o r  t he  nonl inear system ( 5 )  provided t h a t  t h e  
cos t  func t iona l  i s  quadrat ic  i n  the s t a t e  and con t ro l  vectors. I n  t h i s  
sect ion,  non-quadratic cos t  func t iona ls  are considered and opt imal  non- 
l i n e a r  feedback con t ro l s  a re  derived under the  added c o n s t r a i n t  t h a t  t h e  
r e s u l t i n g  minimum cos t  i s  a quadrat ic f unc t i on  of t h e  i n i t i a l  s ta te .  
Furthermore, a l l  t he  suggested nonl inear  con t ro l  laws y i e l d  a cl'osed-loop 
system which i s  asympto t ica l l y  s tab le  i n  the  large. 
Consider the  real-valued p o s i t i v e  d e f i n i t e  funct ions,  f ( . I  and 
k 
gk(.). (k = 1,2,3) o f  a s i n g l e  var iab le  such t h a t  
The c lass  o f  cos t  func t iona ls  under cons idera t ion  are o f  t h e  form 
where q > 0 i s  a weight ing scalar .  
Since nonl inear  feedback con t ro l s  are sought it i s  desired t o  determine 
t h e  con t ro l  torques as an instantaneous func t i on  o f  t h e  angular momentum 
vec tor  - x, i.e., 
UI = U I ( X ) ,  - u2 = u2(x),  - u3 = u3(x )  - 
F i n a l l y  demand t h a t  the minimum cos t  J* (x )  - as a func t i on  of t h e  s t a t e  
i s  the  quadrat ic  func t ion  
- 
To e s t a b l i s h  the  r e l a t i o n s  between the  c o n t r o l s  (16), t he  cost 
- 
funct ional  (15), and the  cos t  (17)cons ider  t h e  hamil tonian funct ion H 
for t h e  opt imal con t ro l  problem 
where pI, p2, and p are the costate var iab les.  Since the  opt imal c o n t r o l  3 
must minimize the  hamil tonian one deduces the  r e l a t i o n s  
Furthermore t h e  Hamilton-Jacobi equation 
I 
q 
0 = qCf I ( X I  )+f2(x2)+f3(x3)7 + - Cg1 ( U I  )+g2(u2)+g 3 3  (u  13 
aJ*(x) aJ*(x) - aJ*(x) -
+ a x x  3 I z ax3 + a x x  2 3 I ax2 + a x x  I 2 3 ax, . 
+ u  + u  t u  I ax, 2 ax2  3 ax3 (201 
where J*(x)  - i s  the  minimum cost, must ho ld along a l l  optimal t r a j e c t o r i e s  i n  
R3 
From (19) and (20) one obtains t h e  equation (s ince aI + a2 + a3 = 0) 
I 0 = qCf l (X I )+ f2 (X2)+ f3 (x3~ l  + - Cgl(ul )tg2(u2)+cJ (u )]+u x +u x +u x 9 3 3  I I 2 2 3 3 
Since the funct ions f - ( . )  and g ( . I  are  p o s i t i v e  d e f i n i t e ,  then the  optima 
control must have the  proper ty  t h a t  
ki k 
for x # 0 - -  + u x  + u x  < o  ulxl 2 2  3 3  
(Indeed t h i s  requirement guarantees t h e  s t a b i l i t y  of the  closed-loop 
non l inear  system). 
(22 1 
The problem 'under considerat ion now i s  as fo l lows : f i x  t he  c o n t r o l  
- and u t o  be some convenient and e a s i l y  implementable torques uI, u2, 3 
funct ion of the  angular momenta XI, x2, x3 and then determine t h e  funct ions 
f.t.1 and g.(.) associated w i t h  t h i s  c o n t r o l  law (and, o f  course, t he  
1 .  -t 
c o n s t r a i n t  (17)  on t h e  minimum cost ) .  
~~ 
One of  t h e  s implest  ways o f  generating t h e  con t ro l  i s  as fo l l ows  
where the  h ( . I  are continuous and d i f f e r e n t i a b l e  scalar-valued func t i ons  
of a s i n g l e  var iab le,  such t h a t  for  k=1,2,3 
k 
(a)  hktO) = 0 
'h-!(. 1 e x i s t s  everywhere 
k 
(b) 
(C) hk(xkJxk > 0 , xk # 0 
C l e a r l y  (26) and (23) guarantee t h a t  (22)  holds. Furthermore, (24 )  and 
(23) guarantee t h a t  (21 )  holds f o r  - -  x = 0. 
It now remains t o  determine the f ( . I  and g ( . I .  From(21) and (23)  
k k 
one has 
From(lgl one obta ins 
dgk dgk 
- f - =  -qXk ; k = 1,2,3 
duk dxk 
Slnce u = -qh(x 1, (28) y i e l d s  
k k 
k = 1,2,3 - -  dgk - 2 dhk dxk q X k  
which y i e l d s  (s ince gk(0) = 0) 
X 2 '='k X 
= q2 xdhk(x) = q [xhk(x) I - I hk(x)dx] 
0 x=o 0 
gk 
and, so, 
gk = q 2 x k h k ( X  k 1 - q2 rk hk(x) dx 
0 
Subs t i t u t i on  of  (31) i n t o  (27) y ie lds  
3 1 fk(xk) = f rk hk(x)dx 
k= I k=l 0 
which imp1 i e s  
C28 1 
(29 1 
(30) 
(32) 
To determine the  e x p l i c i t  dependence o f  s i ( . )  on the  u one can simply use i 
the  inverse re la t i onsh ip  xk = h-I 1- j --" q i n  Eq. (31 1 t o  ob ta in  
k \ 4 j  
g ( u ) = q  k k  [(- :) h i '  (- :) - fk( h i " ( -  :)] (34 )  
I n  t h e  remainder o f  t h i s  sect ion two s p e c i f i c  examples o f  t he  theory are 
presented. 
Example I : Suppose t h a t  each contro l  torque uk ( k  = 1,2,3) i s  generated 
from the  corresponding angular momentum xk ( k  = 1,2,3) by the odd power-law 
n 
Uk = -qxk ; n odd ; q > 0, k = 1,2,3 (35) 
I n  t h i s  case, h ( x  1 = x n 
for  k = 1,2,3 
The funct ions f ( x  1 are  computed from (33) t o  obtain k k  k' k k  
The func t ions  gk(uk) are found from (34) 
I n- l /n n+l /n 
i g (u  1 = -  U k k n+l 
To recap i tu la te  : For the  system (5) and the  c o s t  func t iona l  (n odd)  
t h e  opt imal .control  i s  g iven by 
n 
k k u = -qx (t) 
and t h e  minimum value o f  t he  cos t  funct ional  J i s  given by 
(37) 
(391 
Note t h a t  t he  use o f  t h i s  type of contro l  func t iona l  for  large n penal izes 
seve r l y  the  system for large values o f  the  angular momentum vector  and it 
penal izes the  cont ro l  torques i n  an almost l i n e a r  manner; t h i s  means t h a t  t h i s  
c r i t e r i o n  can be used as an approximation t o  the  case t h a t  t he  con t ro l  torques 
Uk a r e  almost l i n e a r l y  re la ted  t o  the rate-of- f low o f  fue l  consumed by,  say, 
gas j e t s  used t o  generate the  con-trol torques. 
Example 2 Suppose t h a t  the  contro l  torques are  generated by 
; m odd ; k = 1,2,3 I /m Uk = -qx, 
The funct ions fk (xk)  a re  then given by 
X 
f ( X  = xl’mdx = - m X m+l /m 
m+l k k k  0 
(42 )  
ana the  funct ions g (u 1 are  g i v e n  b y  k k  
The imp l l ca t i on  is ,  of course, t h a t  g iven the  system (51 and the  cos t  funct ional  
(m odd) 
m+l/m(t) + 1 1 uk m+l CtIJdt 
(m+l )qm k+l 'e 
J=[ [S  k+ f x  I k 
then the  optimal con t ro l  i s  g iven by 
and t h e  minimum value o f  the cos t  funct ional  i s  
(44 )  
Note t h a t  i f  m i s  chosen large, then t h e  cos t  func t iona l  ( 4 4 )  can be used t o  
penal ize the  system very sever ly  f o r  us ing large con t ro l  torques wh i l e  small 
or  la rge  values of angular momenta are penal ized almost i n  a propor t iona l  manner. 
. . .  * 
a ,  
5.  Conclusions 
. It has been shown t h a t  given the nonl inear  d i f f e r e n t i a l  equat ions t h a t  
descr ibe t h e  behavior of the  angular v e l o c i t i e s  of an a r b i t r a r y  space veh ic le  
and given a quadra t ic  dependence of the minimum c o s t  (as a func t ion  of the  
s t a t e  var iab les) ,  then the  Hamilton-Jacobi equat ion together  w i t h  t h e  maximum 
p r i n c i p l e  can lead t o  classes of nonl inear feedback c o n t r o l l e r s  which i n  t u r n  
y i e l d  the  corresponding (nonquadratic) cos t  funct ionals .  
I d e n t i c a l  techniques can be used t o  so lve the  inverse opt imal con t ro l  
problem when the  minimum cos t  i s  spec i f i ed  t o  be nonquadratic, e.g. 
J*(x) - = 1 l x ( ~ * " ,  - where m = l,2,3, .... D i s t i n c t  classes of  non l inear  con t ro l  
systems and associated cos t  funct ionals  can be obtained for each value o f  m. 
Th is  type  o f  " inverse" approach t o  feedback system design has promise 
as a design a i d  t o  the  engineer. I t  i s  easy t o  see t h a t  g iven the  s t a t e  
d i f f e r e n t i a l  equations, t he  engineer spec i f i es  the  des i red minimum cost. For 
each c lass  o f  feedback c o n t r o l l e r s  t h a t  he may wish t o  consider, he ob ta ins  
the corresponding s t a t e  and contro l  pena l ty  funct ions t h a t  de f ine  the  integrand 
of t h e  c o s t  funct ional .  He can then p i c k  the  con t ro l  vs cos t  func t iona l  p a i r  
t h a t  r e f l e c t s  both feedback s i m p l i c i t y  and a phys i ca l l y  appealing s t a t e  and 
con t ro l  penal ty.  I t  should be noted t h a t  s ince the  choice o f  t he  cos t  funct ional  
i s  o f t e n  a sub jec t ive  one, t h i s  " inverse" technique can indeed be o f  value, 
s ince  it c l e a r l y  couples we l l  w i t h  t h e  complexity o f  t he  feedback c o n t r o l l e r s  
under considerat ion,  and since it does n o t  v i o l a t e  the  po ten t i a l  use o f  opt imal 
con t ro l  theory as a t o o l  f o r  design r a t h e r  than a "s t ra igh t - jacke t . "  
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